Abstract. Let G be a transitive permutation group in which all derangements are involutions. We prove that G is either an elementary abelian 2-group or is a Frobenius group having an elementary abelian 2-group as kernel. We also consider the analogous problem for abstract groups, and we classify groups G with a proper subgroup H such that every element of G not conjugate to an element of H is an involution.
Introduction.
Recall that a permutation without fixed points is called a derangement. An easy and well known counting argument shows that every finite transitive permutation group on a set with more than one element must contain a derangement. In fact, it is not hard to show that the number of derangements in a nontrivial transitive permutation group is at least as large as the order of a point stabilizer. (See, for instance [3] .)
What are the orders of the derangements in a nontrivial transitive permutation group G? Using the classification of finite simple groups, B. Fein, W. Kantor and M. Schacher [6] have shown that G must contain a derangement of prime-power order. In fact, in most cases, there is a derangement of prime order. (Transitive groups that fail to have a derangement of prime order were studied in [7] .)
In this note, we consider transitive permutation groups in which all derangements are involutions. Our main result is the following.
Theorem A. Let G be a transitive permutation group and suppose that every derangement in G is an involution. Then one of the following holds.
(i) G is an elementary abelian 2-group.
(ii) G is a Frobenius group whose Frobenius kernel is an elementary abelian 2-group.
It seems reasonable to ask if an analogous result might be true for groups in which all derangements have some common prime order different from 2. The following shows that if such a result exists, it will necessarily be more complicated. Consider, for example, the semidirect product G of SL(2, p) with its natural module, and let G act on the right cosets of SL(2, p). It is not hard to see that if p > 2 in this situation, then all derangements have order p. In particular, if p > 3, then a transitive group in which all derangements have order p does not even need to be solvable.
If we reinterpret Theorem A in the setting of abstract groups, we can obtain a somewhat sharper result. Given a subgroup H of a finite group G, the elements of G that are not contained in any conjugate of H correspond to the derangements in a permutation group, and so we refer to these elements as the H-derangements of G. (If H is proper in G, then H-derangements necessarily exist.) We give necessary and sufficient conditions for all Hderangements to be involutions.
Of course, the case where H = G is without interest. If |G : H| = 2, then H is normal in G, and so the set of H-derangements in G is exactly G − H. It is well known that in this case, G − H consists of involutions precisely when there is some involution t ∈ G − H such that conjugation by t inverts the elements of H. This can happen, of course, only if H is abelian.
The following result gives all possibilities when |G : H| > 2.
Theorem B. Let H be a subgroup of a finite group G and assume that |G : H| > 2. Then all H-derangements in G are involutions if and only if one of the following holds.
(ii) G has a normal elementary abelian Sylow 2-subgroup T and N = H ∩T is the core of H in G. Also, G/N is a Frobenius group with complement H/N and kernel T /N .
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Simple groups.
Recall that if H is a proper subgroup of G, then G necessarily contains an H-derangement. In this section, we use the classification of simple groups to prove the following. Theorem 2.1. Let G be a finite simple group of order exceeding 2 and suppose that H < G is a proper subgroup. Then G contains an H-derangement that is not an involution.
It certainly would be pleasant to have an elementary and transparent proof of Theorem 2.1. Although it seems reasonable that such a proof might exist, we have been unable to find one, and the argument we present here depends heavily on the simple-group classification. Once we have proved Theorem 2.1, however, we shall have no further need for the classification in this paper.
We begin with an elementary and general result.
Lemma 2.2. Suppose the group G has a proper subgroup H such that all H-derangements are involutions. If t is one of these involutions, then H and t satisfy the following.
(i) t is not conjugate to an element of H.
(ii) t is not the square of any element in G.
(iv) |H| is divisible by every odd prime divisor of |G|.
Proof. Conclusion (i) is clear. Since t lies in no conjugate of H, it follows that if t is a power of some element x ∈ G, then x also lies in no conjugate of H. Then x is an H-derangement, and so it is an involution. In particular, x 2 = t and (ii) follows. If C G (t) is not a 2-group, it contains an element y of some odd prime order p. Then (ty) p = t, and thus t is a power of the element ty, which is not an involution. This contradicts the result of the previous paragraph, and so conclusion (iii) follows.
Finally, if p is an odd prime divisor of |G|, then G contains an element u of order p. Since u is not an involution, it must lie in some conjugate of H, and thus p divides |H|, proving (iv).
We say that a group G satisfies ( * ) if there exist a subgroup H < G and an involution t ∈ G such that conclusions (i)-(iv) of Lemma 2.2 hold. Since the assertion of Theorem 2.1 is clearly valid if G has prime order p > 2, it suffices to prove that no nonabelian simple group satisfies ( * ).
First, we show that there are relatively few simple groups having an involution that satisfies conclusion (iii) of Lemma 2.2. The following summarizes the information that we need from the classification. Lemma 2.3. Assume that G is a nonabelian simple group and that t ∈ G is an involution such that C G (t) is a 2-group. Then G is one of the following. (ii) PSL(2, 2 f ), where f ≥ 2.
(iii) PSL(3, 2 f ), where f ≥ 1.
Proof. We can check using the Atlas [4] that neither the Tits group nor any of the sporadic simple groups has an involution whose centralizer is a 2-group. Also, if t ∈ Alt(n) is an involution, where n ≥ 7, then either t can be written as a product of at least four disjoint transpositions or else t fixes at least three points. In either case, the centralizer of t in G contains an element of order 3. It follows that we need to consider only simple groups of Lie type. Tables 4.5.1 and 4.5.2 of [8] list all involutions and their centralizers for the groups of Lie type in odd characteristic. One sees from those tables that the only simple groups of Lie type in odd characteristic that have an involution whose centralizer is a 2-group are the groups of the form PSL(2, q) with q a Fermat prime, a Mersenne prime, or 9. All of these groups except P SL(2, 5) appear in case (i) of the lemma, and since P SL(2, 5) ∼ = P SL (2, 4) , that group occurs in case (ii).
Unfortunately, we have found no corresponding tables for simple groups of Lie type in characteristic 2, but the information we need about the centralizers of involutions in these groups is contained in the long paper [1] . (Also, see [2] ). It is possible to deduce our result by sifting through the data in those papers.
It is now easy to complete the proof of Theorem 2.1 by showing that a nonabelian simple group cannot satisfy ( * ). Proof. Suppose G is a nonabelian simple group that satisfies ( * ). Thus G has a proper subgroup H and an involution t that satisfy conclusions (i)-(iv) of Lemma 2.2, and in particular, we see that G must be one of the groups that appear in the statement of Lemma 2.3.
We begin by noting that with the exception of the groups Sp(4, 2 f ) of case (v) of Lemma 2.3, each of the simple groups mentioned in that lemma has a unique conjugacy class of involutions. But (as is well known) the Sylow 2-subgroups of all groups in cases (i), (iii), (iv) and (vi) of Lemma 2.3 contain elements of order 4, and it follows that all of the involutions in these simple groups are squares. None of these groups, therefore, can be our group G, which satisfies ( * ).
Suppose G is one of the groups named in case (ii) of Lemma 2.3. Then as we have mentioned, G has a unique class of involutions, and it follows that the subgroup H contains no involution, and so it has odd order. Since G is P SL(2, 2 f ), we can use Dickson's classification of the subgroups of these groups (see Hauptsatz II.8.27 of [9] ) to deduce that each subgroup of odd order of G has order dividing either 2 f − 1 or 2 f + 1, and so each such subgroup has order coprime to one of these two numbers. By ( * ), however, we know, that |H| is divisible by every odd prime divisor of |G|, and this is a contradiction since both 2 f + 1 and 2 f − 1 divide |G|, and these numbers exceed 1.
The only remaining possibility is that G is Sp(4, 2 f ) with f ≥ 1. Although Sp(4, 2 f ) has three conjugacy classes of involutions, only one of these classes contains elements whose centralizers are 2-groups. To complete the proof, we show that the involutions in that class are squares in Sp(4, 2 f ), and thus conclusion (ii) of Lemma 2.2 fails.
According to Table IV.1 ). An easy computation shows that s 2 = t, and this completes the proof.
The main results.
The following contains the information we need to prove Theorems A and B.
Theorem 3.1. Let H < G and suppose that all H-derangements in G are involutions. Writing N to denote the core in G of H, we have the following. Proof. To prove (i), suppose that t ∈ G is an H-derangement, and let x ∈ N . Since t lies in no conjugate of H and x lies in every conjugate of H, it follows that xt lies in no conjugate of H, and thus by hypothesis, xt is an involution. Then 1 = xtxt = xx t , and so t inverts x, as wanted. Observe that the canonical homomorphism G → G/N maps the set of H-derangements in G onto the set of (H/N )-derangements in G/N , and so the latter set consists of involutions. It follows that to prove (ii), (iii) and (iv), we can replace G by G/N , and so we can assume N = 1.
We work next to prove (ii) and (iii) by induction on |G|. Note that G is nontrivial since H is proper, and so we can choose a maximal normal subgroup M of G. Suppose first that M H < G, and write K = M H. Then all K-derangements in G are H-derangements, and hence they are involutions. Reasoning as we did in the previous paragraph, we see that all (K/M )-derangements in the simple group G/M are involutions. Since K/M < G/M , we conclude by Theorem 2.1 that |G/M | = 2, and so K = M G.
Now fix a K-derangement t and observe that G = K, t since |G : K| = 2 and t ∈ K. By assertion (i), with K in place of both H and N , we see that t inverts the elements of K. It follows that K is abelian and that t normalizes every subgroup of K. Thus H K, t = G, and so H = N = 1. Every nonidentity element of G, therefore, is an H-derangement, and hence is an involution. In this case, G is an elementary abelian 2-group, and conclusions (ii) and (iii) hold with T = G.
We can now assume that M H = G, and we write D = M ∩ H, so that D < M . Let L be the core in M of D, and note that L ⊆ D ⊆ H. Since M normalizes L and M H = G, it follows that all G-conjugates of L are H-conjugates, and hence they lie in H. We conclude that L is contained in all conjugates of H, and so L ⊆ N = 1. Now H normalizes D and since M H = G it follows that all G-conjugates of D are M -conjugates. If x is a D-derangement in M , therefore, then x lies in no G-conjugate of D, and hence it lies in no G-conjugate of H. This shows that all D-derangements in M are H-derangements, and hence they are involutions. We can thus apply the inductive hypothesis in M , with D in place of H. Since the core of D in M is trivial, we know that a Sylow 2-subgroup T of M is elementary abelian and normal in M , and hence it is normal in G. By the inductive hypothesis, we also know that D complements T in M , and so T D = M . Then G = M H = T DH = T H. Since T is abelian and normal in G, it follows that T ∩ H G. But H has trivial core in G, and hence T ∩ H = 1.
At this point, we know that the Sylow 2-subgroup T of M is elementary abelian and normal in G, and that it is complemented in G by H. To complete the proof of (ii) and (iii), it suffices to show that T is a full Sylow 2-subgroup of G, or equivalently, that H has odd order.
Suppose that |H| is even and choose an involution s ∈ H. Since T G and T H = G, we see that C H (T ) G, and thus C H (T ) = 1. We can therefore choose an element t ∈ T that fails to commute with s. Let x = st, and observe that since s and t are noncommuting involutions, x t = x −1 and x has order o(x) > 2. By hypothesis, therefore, x is not an H-derangement, and so it lies in some conjugate
and this is a contradiction since we know that o(x) > 2. It follows that |H| is odd, as wanted.
Finally, to prove (iv), assume that T < G. To show that G is a Frobenius group with kernel T and complement H as required, it suffices to show that no nonidentity element of T commutes with any nonidentity element of H. We suppose, therefore, that h and t commute, where 1 = t ∈ T and 1 = h ∈ H. Since o(t) = 2 and o(h) > 2, we see that o(th) > 2. Then th is not an H-derangement, and hence it lies in some conjugate of H. This is a contradiction, however, since |H| is odd but o(th) is even.
The following is Theorem A. Corollary 3.2. Let G be a transitive permutation group and suppose that every derangement in G is an involution. Then one of the following occurs:
Proof. We can assume that G is nontrivial, and thus a point stabilizer H is a proper subgroup. Also, the core of H in G is trivial, and so the result follows by conclusion (iv) of Theorem 3.1.
Finally, we prove Theorem B, which we restate. (i) G is an elementary abelian 2-group.
Proof. If (i) holds, then obviously all H-derangements are involutions, so we assume now that (ii) holds. It is well known that a Frobenius group is the union of its kernel and all conjugates of its complement, and it follows that every H-derangement in G lies in T . These H-derangements are therefore involutions, as required. Conversely, suppose that all H-derangements in G are involutions and let N be the core of H in G. We know by Theorem 3.1 that G/N has a normal elementary abelian Sylow 2-subgroup T /N and that if T < G, then G/N is a Frobenius group with kernel T /N and complement H/N . In particular, T ∩ H = N , and so to complete the proof, it suffices to show that T is an elementary abelian 2-group.
Since T G and N G, it follows that the intersection of each conjugate of H with T is N . All elements of T − N , therefore, are H-derangements and hence are involutions. To complete the proof, therefore, it suffices to show that x 2 = 1 for every element x ∈ N . Now |T /N | = |G : H| > 2, and thus we can choose elements s, t ∈ T − N lying in different cosets of N . Writing u = st −1 , we see that u also lies in T − N , and so s, t and u are H-derangements. If x ∈ N , therefore, it follows by conclusion (i) of Theorem 3.1 that each of s, t and u inverts x. Then x −1 = x u = x st −1 = x, and so x 2 = 1. as required.
